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Abstract 

Let C C Ci x C2 be a curve of type (di, (I2) in the product of the two 
curves Ci and C2. Let v be a positive integer. We prove that if a certain 
inequality involving di, (fe, f, and the genera of the curves Ci, C2, and 
C is satisfied, then the set of points {P £ C(k) \ [k(P) : k] < v } is finite 
for any number field k. We prove a similar result for integral points of 
bounded degree on C. These results are obtained as consequences of an 
inequality of Vojta which generalizes the Roth-Wirsing theorem to curves. 



1 Introduction 

In Vojta proved the following theorem. 

Theorem 1 ((Vojta)). Let C be a nonsingular curve defined over a number 
field k. Let X be a regular model for C over the ring of integers of k. Let K be 
the canonical divisor of C , A an ample divisor on C , and D an effective divisor 
on C without multiple components. Let S be a finite set of places of k. Let v be 
a positive integer and let e > 0. Then 

m s {D, P) + h K (P) < d a (P) + eh A (P) + 0(1) (1) 

for all points P £ C(fc) \ SuppD with [k(P) : k] < v. 

Here ho is a logarithmic height associated to the divisor D, ms(D,P) is 
a proximity function, and d a (P) is the arithmetic discriminant of |15j. whose 
definition we recall below. We refer the reader to [3], H3|, and f° r definitions 
and properties of heights and proximity functions. 

The inequality is a vast generalization of the theorems of Roth and 
Wirsing. In particular, it implies Fairings' theorem (Mordell's conjecture). As 
a consequence of Song and Tucker pi] show 
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Corollary 1 ((Song, Tucker, Vojta)). Let C and C be nonsingular curves 
of genus g and g' , respectively, defined over a number field k. Let (f> : C — > C 
be a dominant k-morphism. If 

g-l>{v + g' -l)deg0 (2) 

for some positive integer v, then the set 

{P e C(k) | [k(P] :k]<v and k{4>{P)) = k(P)} (3) 

is finite. 

Vojta noted the case C = P 1 of the corollary. Note that the condition 
k(c/)(P)) = k(P) in Theorem ^ precludes one from deducing a finiteness result 
on algebraic points with [k(P) : k] < v. Of course, this condition in the theorem 
is necessary (consider, for example, hyperelliptic curves of genus g > 3). If we 
are given more than one dominant morphism of C to a curve where J2J) holds, 
it is natural to try to prove a finiteness result without the k(4>(P)) = k(P) 
condition in ©. Clearly we need the two maps to be independent in some 
sense. More precisely, we will assume that we are given a birational morphism 
of C into a product of curves. In addition to rational points, we will study 
integral points on C. 

Let S be a finite set of places of k and let Ok,s be the ring of S'-integers of k. 
Let D be an effective divisor on C. If D ^ 0, we call a set T C C(A:)\Supp D a set 
of (D, S')-integral points on C if there exists an affine embedding C \ Supp D C 
A m such that every point FeT has S'-integral coordinates, i.e., each coordinate 
of P in A m lies in the integral closure of Ok,s in k. If D — 0, then we call any 
subset of C(k) a set of (D, S^-integral points. Our main theorem is 

Theorem 2. Let C, C\, and C2 be nonsingular curves of genus g, g\, and g2, 
respectively, all defined over a number field k. Let S be a finite set of places k. 
Let <j) : C — > C\ x C2 be a birational morphism. Let tti and 1:2 be the projections 
of C\ x C2 onto the first and second factors, respectively. Suppose that tti o <j) 
and TT2°4> are dominant morphisms and let di — deg tti o <f> and d 2 = deg ir 2 o <fi. 
Let D = Xa=i Pi be an effective divisor on C , defined over k, with P\,...,P r 
distinct points ofC(k). If 

2g-2+r > max{ (v +g x -l)2dx, {v + g2-l)2d 2 , {v + 2g 1 -2)di + {v + 2g2-2)d 2 \ 

(4) 

for some positive integer v , then any set of {D, S)-integral points 

Tc{Pe C{k) I [k(P) :k]<v} 
is finite. In particular, if (@J is satisfied with r = 0, then the set 

{P e C(k) I [fc(P) : k] < v) 

is finite. 
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2 Some Examples and Corollaries 



We first give two examples which show that the inequality J3J is sharp in the 
sense that Theorem [5] is false if ">" is replaced by ">" in Q. 

Example 1. Let C be a nonsingular curve, defined over a number field k, of 
bidegree (di, d 2 ) on C\ x C 2 = P 1 x P 1 with dx > d 2 > 0. Let P, Q e F 1 (k) be 
two points above which 4> 2 is unramified, and let D = P + Q. Over sufficiently 
large number fields k, there are infinitely many fc-rational (D, S')-integral points 
on P 1 . Pulling back these integral points by (j> 2 , we obtain infinitely many 
{<j) 2 D, ^-integral points on P 1 x P 1 (of degree < d 2 = v over k), where <\>%D is 
a sum of r = 2d 2 distinct points. We have g = (d\ — l)(d 2 — 1) and we see that 
equality holds in |0J. 

Example 2. Let C\ x C 2 = P 1 x E, where E is an elliptic curve defined over a 
number field k. Let d\ > d 2 + l > 2. Let C be a nonsingular curve, defined over a 
number field k, of type (di,d 2 ) on P 1 xE (i.e., deg7Ti|c = di and deg7r 2 |c — d 2 ). 
Then by the adjunction formula, g = g(C) = d\{d 2 — 1) + 1. Let v = d 2 and 
r — 0. Then a simple calculation shows that equality is achieved in (0J, but the 
set {P £ C(k) | [k(P) : k] < v\ is infinite for sufficiently large k since C has a 
degree v = d 2 map down to P. 

Note that when C\ x C2 = P 1 x P 1 , the inequality (@J simplifies to 

2g - 2 + r > max{2(i/ - l)d u 2(v - l)d 2 }. 

As a curve of degree d in P 2 can be mapped birationally onto a curve of bidegree 
(d - 1, d - 1) in P 1 x P 1 , we obtain 

Corollary 2. Let C C P 2 6e a curve, defined over a number field k, of degree 
d and geometric genus g. Let S be a finite set of places of k. Let D = Ylf—i Pi 
be an effective divisor on C, defined over k, with Px,...,P r distinct points of 
C(k). Lf 

2g-2 + r > 2{v - l)(d- 1) (5) 
for some positive integer v, then any set of (D, S)-integral points 

T<Z{PE C(k) I [k(P) :k]<v} 

is finite. Ln particular, if g — 1 > (y — l)(d — 1) then the set 

{P £ C(k) I [k(P) : k] < v} 

is finite. 

By definition, the geometric genus of C is the genus of the normalization of 
C . For nonsingular plane curves, a better theorem on rational points has been 
proven by Debarre and Klassen |B] using Falting's theorem on rational points 
on subvarieties of abelian varieties. 
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Theorem 3 ((Debarre, Klassen)). Let C C P 2 be a nonsingular curve of 
degree d, defined over a number field k, that does not admit a map of degree 
< d — 2 onto a genus one curve (this is automatically satisfied if d > 7). Then 
the set 

{P G C(k) | [k(P) :k}<d~2} 

is finite. 

Recall that a curve is called hyperelliptic (respectively bielliptic) if it admits a 
map of degree two onto a curve of geometric genus zero (respectively one). Harris 
and Silverman |S] have shown (again using Falting's theorem on subvarieties of 
abelian varieties) 

Theorem 4 ((Harris, Silverman)). Let C be a nonsingular curve defined 
over a number field k. If C is not hyperelliptic or bielliptic then the set {P S 
C(k) | [k(P) : k] < 2} is finite. 

A similar theorem is true for degree three rational points (see P0|), but not 
for degrees four and higher (see [5]). Similarly, for integral points, Corvaja and 
Zannier 0] have shown 

Theorem 5 ((Corvaja, Zannier)). Let C be a nonsingular curve defined over 
a number field k. Let S be a finite set of places of k. Let D = Ylj—i Pi be an 
effective divisor on C , defined over k, with Pi, . . . ,P r distinct points of C(k). 
Let T C {P € C(k) | [k{P) : fc] < 2} be a set of (£>, S)-integral points. Then 

(a) . If r > 4 then T is finite. 

(b) . If r > 3 and C is not hyperelliptic then T is finite. 

Additionally, in the case C is hyperelliptic and r = 4 (where T may be 
infinite), Corvaja and Zannier show how to parametrize all but finitely many 
of the quadratic integral points. The proof of Theorem [S] in 0] makes use of 
an appropriate version of the Schmidt subspace theorem. We now show that 
Corollary |21 implies a slight improvement to this theorem. Specifically, we show 
that the inequality in part (b) can be improved to cover the case r = 3. 

Theorem 6. Let C be a nonsingular curve defined over a number field k. Let 
S be a finite set of places of k. Let D = X)I=i ^ e an effective divisor on C, 
defined over k, with P±, . . . , P r distinct points of C(k). Let T C {P G C(k) \ 
[k(P) : k] < 2} be a set of {D, S)-integral points. Then 

(a) . If r > 4 then T is finite. 

(b) . If r > 2 and C is not hyperelliptic then T is finite. 

Proof. By Corollary|2 to prove (a) it suffices to show that any curve C of genus 
g has a birational plane model of degree g + 2. Since any divisor of degree 2^ + 1 
on C is very ample and nonspecial, we obtain an embedding of C as a degree 
2g + 1 curve in ¥ 9+1 . Projecting from the linear span of g — 1 general points 
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of C, we obtain a birational map <fi ■ C — > P 2 with deg 4>(C) = g + 2 (see [21 P- 
109]). 

Similarly, to prove (b) it suffices to show that if C has genus g and is not 
hyperelliptic, then C has a birational plane model of degree g + 1. Since C is 
not hyperelliptic, the canonical embedding realizes C as a curve of degree 2g — 2 
in P 9_1 . Projecting from the linear span of g — 3 general points of C, we obtain 
a plane curve of degree g + 1 birational to C. □ 

As noted in 0|, Vojta's conjecture predicts that the inequality in (b) can be 
improved to r > 0. It is unclear to what extent this follows from Theorem 
For instance, Theorem [3 implies that one may take r > in ThcorcmElfor any 
nonsingular bielliptic curve C of type (a, 2), a > 3, on P 1 x E (of course, by 
Theorem we need only consider bielliptic curves in (b)). 



3 Proofs of Results 

Let C be a nonsingular curve defined over a number field k. Let R denote the 
ring of integers of k and let B = Spec R. Let it : X — > B be a regular model 
for C over R. For every complex embedding a : k <—* C we have a canonical 
volume form on C a — C x a C and an associated canonical Green's function g a . 
With this data one can define intersections of Arakelov divisors (see JD]). Let 
P G C(k) and let Ep denote the horizontal prime divisor on X corresponding 
to P (we will also denote the curve on X corresponding to P by Ep). Let u>x/b 
denote the relative dualizing sheaf, with its canonical Arakelov metric ^3 Ch. 
4]. We then define the arithmetic discriminant d a (P) by 

_ (E P .(w x/B + E P )) 
[ ' ~ [k{P) : Q] 

Of course, contrary to the notation, d a {P) depends on more data than just 
P. We can also give an alternative formula for d a (P). Let L — k(P). Then 
Ep = Spec A, where A is an order of the number field L. Let 

W A/R = {beL | Tv L/k (bA) c R} 

be the Dedekind complementary module. It is a fractional ideal of A containing 
A. For a fractional ideal a of A, we define the fractional ideal 

cT 1 = {x e L | xa c A}. 

In arbitrary orders, one may not necessarily have aa _1 = A. We now define the 
Dedekind different (of A over R) as 

Va/r = W-} R . 

This is an integral ideal of A. For a nice discussion of the relation between the 
different, discriminant, and conductor of an order, we refer the reader to the 
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article by Del Corso and Dvornicich 0. Now define 

_ \og[A : V A/R ] 
dA ' R [L : Q] 

Let 5*00 be the set of archimedean places of k and let u S 5oo- Let 

E„=£ P xC„ = {P„,i, . . ^P^.^fe]} 

be the points in C„ = C x C v into which Pp splits. By the Arakelov adjunction 
formula 10, Th. 5.3], we have 

d a {P) = d A /R + , T , 01 5] ^A^P^P,,,-) (6) 

where N v = [k v : Q v ], and A„ = \g v (with g v normalized as in JOI)- We will 
use that A„ is a Weil function for the diagonal A„ in C v xC„, i.e., if the Cartier 
divisor A„ is locally represented by a function / on the open set U, then there 
exists a continuous function aonC such that 

Xu(P) = - log |/(P) | + a(P) 

for all P eU\A v . 

Theorem 7. Let G\, Ci, and C3 be nonsingular curves defined over k and 
let Xi, X2, and X3 be regular models over R for the respective curves. Let 
<j) : X3 X\ x X2 be a birational morphism onto its image. Let <p\ and 4>2 
denote <fi composed with the projection map of Xi x X2 onto the first and second 
factor, respectively. Let P € C$(k). Then 

d a {P) < d a (MP)) + d a (fo(P)) + 0(1). (7) 

Our strategy is to break up d a into a finite and infinite part as in 10, and 
then prove the inequality for each part separately. Since there is an O(l) term, 
we can clearly ignore the finite set Z of C(k) on which (j>j, fails to be invertible. 
To prove the inequality for the finite part, d A / R , of |JBJ|, we use the following 
lemma. 

Lemma 1. Let R be the ring of integers of a number field k. Let A\ and A2 be 
R-orders of the number fields L\ and L2, respectively (with some fixed embedding 
in k). Let L3 = L1L2 and let A3 = A\A2- If A%, A%, and A3 are Gorenstein 
rings then 

dA 3 /R < d Al /R + d A2 / R (8) 

Proof. As shown in 7 , an P-order A is Gorenstein if and only if T> A / R is an 
invertible ideal of A (see [3] for the many equivalent definitions of a Gorenstein 
ring). Let A[ denote the integral closure of Aj in Li for i = 1,2,3. For the 
Gorenstein rings Ai, A2, and A3 we have the relations (see Prop. 3]) 

V AdR A\ = C Ai V A , /R , i = 1, 2, 3, (9) 
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where 

C Ai = {x e A\ | xA' { c Ai} 
is the conductor of Ai. For an invertible ideal a of A 3 (see 7 Th. 1]), 

[A 3 : a] = [A 3 ' : aA 3 ']. 

Now to prove the lemma, it suffices to show that 

/ E > a 1 /hPa 2 /rA3' C V A3 / R A 3 '. 

Indeed, this inclusion gives 

[A3 : T>a 3/r ] = [As 1 : Va 3 /rA 3 '} < [A 3 ' : V Ai /rVa 2 /rA 3 '} 

which is equivalent to (JHJ as 

[A 3 ' : V Al/R V M/R A 3 '] = [A 3 ' : V Al/R A 3 '][A 3 ' : V M/R A 3 '] 

= K : V Al/R A[}^ L ^[A 2 ' : V A2 , R A 2 ']^ L ^ 
= [A 1 :V Al/R ]^ L ^[A 2 :V A2/R ]^ L ^. 

We now show that V M/R V M/R A 3 ' C T> Aa / R A 3 . By ©, 

^ Ai/H^Aa/^As' = C Al V A/i / R C A2 T> A . 2 >f R A 3 ' 

and 

Therefore we need to show C Al C A2 T> A2 r / R A 3 C Ca 3 T^a 3 ' /a[ ■ It is a standard 
fact that ~Da 2 '/r is generated by elements of the form f'(a), where a £ A 2 , 
k(a) — L 2 , and / is the minimal polynomial of a over k. Let g be the minimal 
polynomial of a over L\. Note that L\(pt) = L 3 and that g'ia) divides /'(a) in 
A 3 . It is easily shown that g'{a)A 3 = Ca^ [ix]Da 3 '/A' 1 - We have 

CA 1 CA 2 CA' 1 [a] C Ca 3 

since 

C Al C A2 C AiW A 3 ' C C Al C A2 A[[a\ C CAjC^^iAa' C AxA 2 = A3. 
Therefore 

CaiCa 2 /'(q;) C Ca 1 Ca 2 C A ' 1 [a^As' /a[ ^ Ca 3 T>a 3 ' /a{ 

As -Da 2 ' /R was generated by the /'(a), we obtain C^iC^^/V /B.Aa C Ca 3 T>a 3 ' /a[ 
as desired. □ 



7 



Now let Ep = E3 = Spec A3 be the prime horizontal divisor corresponding 
to P e C{k) \ Z, and let 4>x{E P ) =E X = SpecAi and M e p) = E i = Spec A 2 . 
Note that A\ and A2 are naturally subrings of A3 (via 0i and $2) and A3 = 
A1A2. Indeed, the closed immersion <fi : Ep — > X\ x X2 factors through E\ x _E 2 , 
and therefore the natural map A\ ® A2 — > A3 is surjective. Since X%, X2, and 
X 3 were assumed regular, Ep, E\, and i?2 are locally complete intersections 
(they are Cartier divisors). This implies in particular that A\, A2, and A3 are 
Gorenstein rings. Therefore, using Lemma^ we have proved the finite part of 
the inequality (Q, i.e., the inequality JSJ. 

We now consider the archimedean part of Q. With notation as above, let 
L%, L2, and L3 be the quotient fields of A%, A2, and A3. Let v G Soo. Let Ei V 
be the set of points of Ei x C v , i — 1,2,3. Let Aa x , Aa 2 , and Aa 3 denote the 
Weil functions (relative to v) of (JSJ for C\, C2, and C3, respectively. Here Aj is 
the diagonal of Ci v x d v . Then it suffices to prove 

Lemma 2. In the notation above, 



[L 



P,Q£E 3v ^ J P,QeE t 

P^Q P^Q 



[L 2 



E A A2 (P,Q)+0(1). 



p.QeE 2v 
p^Q 



The lemma will follow easily from the following "distribution relation" of 
Silverman [111 Prop. 6.2(b)] (proved by Silverman in greater generality). 

Theorem 8 ((Silverman)). Let C and C be nonsingular complex curves. Let 
<p '■ C — > C be a morphism. Let A and A' denote the diagonals of C x C and 
C x C , respectively. Let Aa and Aa' be Weil functions associated to A and A' 
(under the usual complex absolute value). Then for any P G C and q G C" urc'tt 

A A '(0(P),g)= E e (Q/ 9 )A A (P,Q) + O(l) 
Q&<l>- 1 (q) 

where e$(Q/q) is the ramification index of <f> af Q. 

Proof of Lemma\^ Denote by 0, 0i, and 02 the same maps base extended to 
C 3v . Let P,Q G i?3t,, P ^ Q. Since we assumed P £ Z, either 0i(P) 7^ 0i(<3) 
or 02 (-P) 7^ 02 (Q)- Note also that the maps — » 2?i„ and i? 3l , — > _E 2l) are 
[L3 : Li]-to-l and [L3 : L 2 ]-to-l maps respectively. Thus we obtain (modulo 
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bounded functions independent of E\ v , E 2v , and E 3v ) 

E ^ 3 (P,Q)< £ Aa 3 (P,Q)+ £ A A3 (P,Q) 

P,QeE 3v p,Qge 3 v p,Qsb 3 „ 

0l(P)#0l(Q) MP^MQ) 

< E E a a 3 (p,q)+ E E x a 3 (p,q) 

<MP)#<MQ) <P2{P)^2(Q) 

^ E E a Ai (0 1 (p), ? )+ e E w<Mn<z) 

4>i(P)^q 4>i(P)^q 
<[L 3 :Lx] E A Al (p,g) + [£ 3 :£ 2 ] E 

p,q£E lv p,q€LE 2v 
p=jtq p^q 

Dividing everything by [L3 : Q] gives the lemma. □ 

Theorem [7| now follows from Lemma ^ and Lemma |21 We now prove Theo- 
rem [21 from the introduction. We will need the following estimate of Song and 
Tucker (see ^21 an d El) f° r d a (P) on a curve. 

Lemma 3 ((Song, Tucker)). Let C be a nonsingular curve defined over a 
number field k with canonical divisor K . Let X be a regular model for C over 
the ring of integers of k. Let A be an ample divisor on C and let e > 0. Then 

d a (P) < h K (P) + (2[k(P) : k] + e)h A (P) + 0([k(P) : k}). 

Proof of Theorem^ Let T be as in the hypotheses of Theorem [3 and suppose 
that the inequality °f Theorem [21 is satisfied. Consider the three sets 



T 1 = {PeT| [k(MP)) 
T 2 = {PeT\[k(MP)) 
T 3 = {PeT\[k(MP)) 



k] = [k(P) 
k] = [k{P) 
k] < [k(P) 



k}} 
k}} 

k], [k(<f> 2 ( p )) ■ k] < [k(P):k]}. 



Clearly T = T x U T 2 U T 3 . As we assumed 2g - 2 + r > (v + gi - l)2d x 
and 2g — 2 + r > (v + g 2 — l)2d 2 , it follows from a trivial generalization of 
Corollary ^ that T\ and T 2 are finite. So we are reduced to showing that if 
2g - 2 + r > (v + 2g x - 2)d\ + (v + 2g 2 - 2)d 2 then T 3 is finite. Let K, K u 
and K 2 denote the canonical divisors of C, C±, and C 2 , respectively. Let h, hi, 
and h 2 denote heights associated to some degree one divisor on C, C\ and C 2 , 
respectively. Using Theorem^ Theorem^! and Lemma|31 we get, for any e > 0, 

m s (D, P) + h K (P) < d a (P) + eh{P) + 0(1) 

< d a (MP)) + d a (MP)) + eh(P) + 0(1) 

< h Kl (MP)) + (2[k(MP)) ■ k] + e)h!(<Pi(P))+ 

h K2 (MP)) + WHMP)) ■ k] + e)h 2 (4> 2 (P)) + 0(1). 
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Note that for P £ T 3 , [fc(0i(P)) : k \ < v l 2 and IHM P )) ■ k \ < *V 2 , since 
fc(0i(P)) and k(4>2{P)) are both proper subfields of fc(P). Since T is a set of 
(D, S)-integral points, m s (D, P) = fr o (P)+0(l) for P eT. Using functoriality 
of heights and quasi-equivalence of heights associated to numerically equivalent 
divisors, we obtain, for any e > 0, 

(2g - 2 + r)h(P) < {{v + 2 9l - 2)di + {y + 2g 2 - 2)d 2 + e)h(P) + 0(1) 

for P € T3. Taking e < 1, since there are only finitely many points of bounded 
degree and bounded height, we see that if 

2. 9 - 2 + r > [y + 2 9l - 2)di + (> + 2g 2 - 2)d 2 

then T3, and hence T, must be finite. □ 

Acknowledgments. I would like to thank Joe Silverman for helpful con- 
versations and for pointing me to the reference for Theorem |SJ 
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